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In 1937, Paul Levy proved two theorems that characterize one-dimensional 
distribution functions of class L. In 1972, Urbanik generalized Levy’s first theorem. 
In this note, we generalize Levy’s second theorem and obtain a new charac- 
terization of Levy probability distribution functions on Euclidean spaces. This 
result is used to obtain a new characterization of operator stable distribution 
functions on Euclidean spaces and to show that symmetric Levy distribution 
functions on Euclidean spaces need not be symmetric unimodal. 
1. INTRODUCTION 
A distribution function F(x) is said to be a Levy probability distribution 
function on Rk if there exists a sequence of independent random variables 
x, , x, ,*** such that for suitable non-singular linear operators A, and vectors 
b, the random variables 
Z,=A,,(X,+...+X,,)-b, (1) 
have the property that F,,& F and in addition the random variables 
zn.k = An& (1 <k<n) (2) 
form an infinitesimal system. A distribution function F(x) is said to be an 
operator stable distribution function if it is the limit in law of random 
variables of the form (l), where the random variables X,, X2,..., are iden- 
tically distributed, in which case the random variables Z,,, necessarily form 
an infinitesimal system. The class of operator stable distribution functions is 
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properly contained in the class of Levy probability distribution functions and 
the class of Levy probability distributions functions is properly contained in 
the class of infinitely divisible distribution functions. 
In 1937, Paul Levy proved to theorems that characterize one-dimensional 
distribution functions of class L. 
THEOREM 1. In order that f be the characterize function of a distribution 
function of class L it is necessary and suflcient that for every a such that 
0 c a < 1 there exists a characteristic function f, such that 
f W =f @u)f,W. 
THEOREM 2. In order that f be the characteristic function of a 
distribution function of class L it is necessary and suficient that its Levy 
spectral function M(x) have left and right derivatives at each x # 0 and that 
the function J(x) = XV’(x) be non-increasing on (- 00, 0) and (0, co). (Here 
M’(x) denotes the right or left derivatives, possible dt@erent ones at dtgerent 
points.) 
The proofs of these two theorems may be found in [ 11. 
In 1972, Urbanik [4] proved the following generalization of Theorem 1: 
THEOREM IE. In order that f be the characteristic function of a fuii 
Levy probability distribution function on Rk it is necessary and suflcient that 
there exist a linear operator A, all of whose eigenvalues have negative real 
part, such that for every t > 0 there is a characteristic function f, such that 
f W =f (eWM). 
In this note a generalization of Theorem 2 will be presented. Let F(x) be 
an infinitely divisible distribution function defined on Rk with centering 
constant y, Gaussian component D, and Levy spectral measure M. Let 9 
denote the collection of Bore1 sets of the surface of the unit sphere in Rk and 
let A be a linear operator defined on Rk whose eigenvalues have negative real 
parts. For B E A? and r > 0 let B, = (eaAsx: x E B and s > In r}. Finally, 
define NA by the relationship N,(B, r) = --M(B,). The function. NA will be 
called the A Levy spectral function of F. It should be noted that if M(x) is 
the Levy spectral function of a one-dimensional infinitely divisible 
distribution function and M(x) is continuous, then N- i( 1, x) = M(x) and 
N- ,(-1, x) = M(-x). In Section 2, the following Theorem will be proved: 
THEOREM 2E. A fuIt infiniteiy divisible distribution function defined on 
Rk with Levy spectral measure M and Gaussian component D is a Levy 
probability distribution function tf and only tf there is a linear operator A, all 
of whose eigenvalues have negative real parts, such that for each B E 9 the 
function N,(B, r) has right and left derivatives at each value of r > 0, the 
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function r(aN, (B, r)/a r is non-increasing on (0, m)for each B f 9, and in ) 
addition AD + DA* is a non-positive linear operator. 
In Section 3, Theorem 2E and some results of Sharpe will be used to 
obtain the following characterization of operator stable distribution 
functions: 
THEOREM 3. A full injinitely divisible distribution function dejined on Rk 
is operator stable if and only ty there is a bounded, positive countably 
additive set function G deBned on 59 and a linear operator A, all of whose 
eigenvalues have negative real parts, such that 
N,(B, r) = -G(B)/r 
for all B E 9 and r > 0 and in addition tD = tPA DteA’ for all t > 0. It 
follows necessarily that the eigenvalues of A have real parts that are’ less 
than or equal to -112 and any eigenvalue that has a negative real part equal 
to -112 is simple. 
Urbanik has recently generalized Theorem 1E to probability measures on 
Banach spaces (see [5]). This result can be used to obtain a generalization of 
Theorem 2E for Banach spaces. The statement and proof of the 
generalization of Theorem 2E are almost identical to the statement and proof 
of Theorem 2E. It may be possible to generalize or partially generalize 
Theorem 3 if Banach space analogues of theorems of Sharpe can be 
obtained. 
During the last forty years many people have studied the unimodality of 
one-dimensional, infinitely divisible distribution functions. A complete 
description of that research can be found in two papers of the author (see [6, 
81). Only two results will be mentioned here. In 197 1, the author [6] proved 
that distribution functions of class L that have Levy spectral functions with 
support on the positive axis are unimodal. In 1978, Yamazato [9] 
generalized this Theorem and showed that all one-dimensional distribution 
functions of class L are unimodal. 
It has been difficult to generalize one-dimensional results concerning 
unimodality to higher dimensions since until recently no one has been able to 
give a satisfactory definition of unimodality for higher dimensions. In 1976, 
Kanter [2] generalized the concept of unimodality to higher dimensions for 
symmetric distribution functions and showed that symmetric stable 
distribution functions on Rk are symmetric unimodal. The author (71 
generalized this result and showed that symmetric self-decomposable 
distribution functions on Rk are symmetric unimodal. In Section 4, it will be 
shown that symmetric operator stable distribution functions and symmetric 
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Levy probability distribution functions are not necessarily symmetric 
unimodal in the sense of Kanter. 
2. PROOF OF THEOREM 2E 
Assume that F is a full Levy probability distribution function. It follows 
from Theorem 1E that there exists a linear operator A, all of whose eigen- 
values have negative real part, such that M - emA”M is a nonnegative coun- 
tably additive set function on the Bore1 sets of Rk. [Note that the eigenvalues 
of A have negative real parts if and only if the eigenvalues of A* have 
negative real parts.] If 0 < ri < r2 then B,, XI B,, so 
M(B,,) - M(euAtB,,) > M(B,,) - M(epAtB,J 
for all t > 0. Since epAtBr= B,,, it follows that for all a such that 0 < a < 1, 
M(4) - WC,,,) 2 W&J - M(B,,,) 
and thus 
A method of proof similar to that used to obtain Theorem 2 can now be used 
to show that for each B E 9 N,(B, r) has right and left derivatives for each 
value of r > 0 and the function r(iXVA(B, r)/i?r) is non-increasing on (0, co). 
It follows that from Theorem 7.1 of Urbanik [4] that AD + DA* is a non- 
positive linear operator. 
Assume conversely that for each B E 9 N,(B, r) has right and left 
derivatives, for each value of r > 0 and the function r(lN(B, r)/i?r) is non- 
increasing on (0, co), and AD + DA* is a non-positive linear operator. A 
method of proof similar to that used by Levy to obtain Theorem 2 can be 
usedtoshowthatifO<a<l andO<r,<r,then 
NA@,~~~)--N,(B~ r,/a)<N(B, r2)-N(B,r,). 
Thus, if t > 0 and 0 < rl < r2 it follows that 
M(B,,) - M(B,,) - [M(e-AtB,,) - M(e-AtB,,)] > 0. 
Let H = M - epA*‘M and let B,,,,, = (e- At~: In r, < I Q In rz}. It follows that 
H(B,,,,,) > 0. The function H is a signed measure on the Bore1 sets of R’ - 0 
and thus it has a Hahn decomposition of the form H = H, - H,, where H, 
and H, are non-negative measures. All sets of the form B,,,,, form a 
semialgebra that generates the Bore1 sets of Rk - 0 and thus measures 
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defined on the semialgebra have a unique extension to Rk - 0. Thus H is a 
non-negative countably additive set function on R, - 0. It now follows from 
Theorem 1E that F is Levy probability distribution function. Q.E.D. 
3. PROOF OF THEOREM 3 
Let F be an infinitely divisible distribution function with Levy spectral 
measure M and Gaussian component D. M. Sharpe [3] has proved that if F 
is an operator stable distribution function then there is a linear operator J 
such tht t’M = fM for all t > 0 and in addition tD = r’ DtJ’ for all t > 0. The 
converse of this statement is easily seen to be true. Sharpe also showed that 
the eigenvalues of J necessarily have positive real part greater than l/2 and 
that any eigenvalues of J with positive real part equal to l/2 are simple. 
Assume that F is an operator stable distribution function. Let A = 4. 
Since PB, = B,,, it follows from Sharpe’s result that 
for all t > 0 and thus 
NM, r) = N,(B, 1)/r (3) 
for all r > 0. Define a function G by the relationship G(B) = -NA(B, 1) for 
all B E 5%‘. Then the conclusion of Theorem 3 follows. 
If thre is a bounded, positive countably additive set function G that has 
the property that N,(B, r) = -G(B)/r for all r > 0 then it follows easily that 
r’44 = riW, where J = --A. This completes the proof of Theorem 3. Q.E.D. 
4. ON THE UNIMODALITY OF LEVY PROBABILITY DISTRIBUTION FUNCTIONS 
It follows from Theorem 2E that the support of the spectral measure of a 
Levy probability distribution function is a set of the form 
{e-T: - co < t < co }, where C is a closed subset of the unit sphere. It also 
follows from Theorem 2E that if A is a multiple of the identity operator and 
if M is symmetric then M is symmetric unimodal in the sense of Kanter [2]. 
This result was used by the author [6] to show that symmetric self- 
decomposable distribution functions on Rk are symmetric unimodal. If A is a 
multiple of the identity operator then the support of M consists of a union of 
rays. However, if A is not a multiple of the identity operator, it is easily seen 
that M need not be symmetric unimodal in the sense of Kanter even if M is 
symmetric since the support of M need not be a convex set. 
384 STEPHENJAMES WOLFE 
Let F(x) be a L&y probability distribution function with characteristic 
function f(u) and L&y spectral function M. Let F,(x) be the L&y 
probability distribution function with characteristic function/‘(u). If F,(x) is 
symmetric unimodal for all t then an argument similar to that used in [ 8 1 
can be used to show that A4 is symmetric unimodal. Since not all symmetric 
L&y probability distribution functions have symmetric unimodal Livy 
spectral functions, it follows that not all symmetric Ltvy distribution 
functions are symmetric unimodal. It can also be shown in the same way 
that not all symmetric operator stable distribution functions are symmetric 
unimodal. 
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